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DISCONTINUOUS “VISCOSITY” SOLUTIONS OF
A DEGENERATE PARABOLIC EQUATION

MICHIEL BERTSCH, ROBERTA DAL PASSO, AND MAURA UGHI

ABSTRACT. We study a nonlinear degenerate parabolic equation of the second
order. Regularizing the equation by adding some artificial viscosity, we con-
struct a generalized solution. We show that this solution is not necessarily
continuous at all points.

1. INTRODUCTION

We consider the problem
" u,=ulu—y|vul’ inQ=R"xR", (L1)
u(x, 0) = uy(x) in RV,

where y is a nonnegative constant and the initial function u, satisfies
(H)  u,e CR")NL®R") and u;>0 inR".

Equation (1.1) arises in several applications in biology and physics. Refer-
ences can be found in [2, 5, 8]. Equation (1.1) is of degenerate parabolic type:
it loses its parabolicity at points where u = 0. Therefore Problem I does not in
general have classical solutions, and we define solutions in a generalized sense.

Definition 1.1. u € L™(Q) N L} ([0, +c0); H. (RY)) is called a solution of

loc
Problem I if u > 0 almost everywhere in Q and

/ uol//(O)dx+//(uz//,—uVu-Vy/—(l+y)|Vu|2t//)dxdt=0
RY Q

for any y € C'''(Q) with compact support in Q.

In §2 we shall construct a solution of Problem I. This construction is based on
the well-known viscosity method: we add a term ¢ Au (¢ > 0) to the right-hand
side of equation (1.1) and let ¢ \, 0. It turns out that this limiting procedure
defines exactly one limit function u(x, ¢). In §6 we shall show that u(x, ¢) is
a solution of Problem I and we call u(x, t) the “viscosity solution” of Problem
I. However, there might be other solutions of Problem I. In fact, it has been
shown that solutions of Problem I are not uniquely determined by the initial
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function u; (see [1, 5, 8]), but in this paper we focus our attention on the
viscosity solution and in particular its regularity properties. Our “definition” of
the viscosity solution is, although quite natural, rather ad hoc. It is based on
the very special property of equation (1.1) that it is a priori clear that all the
sequence {u,} converges to the same limit u (see §2). But we point out that one
cannot avoid this ad hoc definition by using the definition of viscosity solutions
given by Lions [7], which is a direct generalization of the definition given in the
case of first-order Hamilton-Jacobi equations (see [3]). The reason is that in
general we would not have uniqueness in such a class of viscosity solutions (see
[1]). In addition, we shall construct discontinuous “viscosity” solutions, while
viscosity solutions in the sense of Lions are continuous by definition.

So let u(x,t) be the viscosity solution of Problem I. In §6 we shall show
that if u, satisfies hypotheses (H1), then

N=1=ueC(Q)
and
y>iN=uec@nc Q.
It is natural to ask what the smoothness of # isif N>2 and 0 <y < N/2.
Our first main result is that if

N>2 and 0<y<1

then u is not necessarily continuous in Q. In particular, we construct a class
of initial functions for which u ¢ C(Q). In §3 we reduce this construction to a
problem concerning the Green’s function for the Laplacian. The latter problem
is solved in §4.
If
N>3 and 1<y<iN

we prove a weaker result: in §5 we construct a sequence of classical and positive
viscosity solutions u,(x, t) of Problem I, with u, replaced by u, , which
are uniformly bounded in Q but which are not locally equicontinuoz"ts in Q;
i.e., there exists a compact set G C Q such that the functions u, are not
equicontinuous on G. Of course, this does not imply that there actually exist
discontinuous viscosity solutions of Problem I. On the other hand, the property
that uniformly bounded solutions are locally equicontinuous is a fundamental
regularity result for a large class of degenerate parabolic equations, such as the
porous media equation

u,:A(|u|m_lu), m>1.

We refer the reader to [4].
About the proofs, we remark that they are based on a detailed description of,
roughly speaking, the set where u = 0, which has been studied recently in [2].

2. BASIC RESULTS

First we describe the construction of the viscosity solution u(x, t) of Prob-
lem I. Let w,(x, ) be the unique solution in C**'(Q) N C(Q) N L™(Q) of
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Problem I with equation (1.1) replaced by
u,=ulu— yIVuI2 +eAu
where ¢ > 0. Then
U, =w,+¢
is a classical solution of Problem I with u, replaced by u, = u, +¢&. Since
u(x, t) is nonincreasing with respect to ¢,

(2.1) u(x,t)= ll\r‘t(l)ue(x, t) = E%ws(x, 1)

is well defined for all (x,?) € Q.
In §6 we shall prove that u is a weak solution of Problem I, so we arrive at
the following result:

Proposition 2.1. Let u, satisfy hypothesis (H1) and let u be defined by (2.1).
Then u is a solution of Problem 1. We call u the viscosity solution of Problem 1.

As we explained in the introduction, we are mainly interested in discontinuity
results. However, in many cases viscosity solutions are continuous. In the next
proposition we list some of the regularity results.

Proposition 2.2. Let u, satisfy hypothesis (H1), let y > 0, and let u(x, t) be
the viscosity solution of Problem 1. Then:

(1) u, > -u/t and Au> -1/t in 2'(Q);

(i1) u is continuous at points (x, 0) forall x € R";
(i) if u(x,, ty) =0 for some (x,, t,), then u_Is continuous at (Xg5 %) s
(iv) ifeither N=1 or y > 1N, then ue C(Q).

The proof of (i) is given in [2]; for the proof of (ii) we refer to §6; (iii) is an
immediate consequence of the following lemma.

Lemma 2.3. Let u be the viscosity solution of Problem 1. Then for each (x,, t,) €

0
u(xy, ty) > limsup u(x,1?).
(x »t)_’(x(y 1)
(x,nN€Q
Proof. Let 6 > 0 be arbitrary. From the construction of the viscosity solution
it follows that it can be approximated from above by classical solutions u, . We
fix ¢ > 0 so that u(x,, ;) < u(x,, t,) +J/2. Since u, is continuous, there

exists an open neighborhood % of (x,, ¢;) in Q such that
U, <u(xy, )+ inZ

and thus
u<u(xy,t))+6 in#.

In the above proof we see clearly that an important property of the viscosity
solution is the fact that it can be approximated from above. In general, we shall
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denote by {u,(x, t)}, n € N, any sequence of positive classical solutions such
that u, \, u as n — +oo pointwise.

To complete the proof of Proposition 2.2 we observe that (iv) is a conse-
quence of (ii) and of the following equicontinuity result.

Proposition 2.4. Let {ui} , i €N, be a sequence of viscosity solutions of Problem
I such that for some M > 0:

0<u' <M inQ, forallieN.

(i) If y > N/2, then the functions u' are uniformly Lipschitz continuous on
the sets RY x [8, +00] for any § > 0. 4

(ii) If N =1 and y > 0, then the functions u' are uniformly Lipschitz
continuous with respect to x and uniformly Hélder continuous with exponent
1/2 with respect to t on the sets R x [0, o] for any 6 > 0.

The proof of (i) follows at once from the estimates

N 2u
(2y = N)t (2y = N)t
which are proved in [2]. To prove (ii) we use Proposition 2.2(i): if N =1
then u > —1/t; combined with the boundedness of u' this yields at once the
uniform Lipschitz continuity in x . The Holder continuity in ¢ follows from a
result by Gilding [6].

Since equation (1.1) degenerates only at points where u = 0, we expect u to
be smooth at points where it is positive. Since u is not continuous in general,
we have to define what we mean by positivity of u.

We define the positivity set P C Q by

(22) P={(x,t)eQ:essinf{u(é,1): (&, 7)€ U} >0
for some neighborhood U of (x, t) which is open in Q}

_;uSutg w and |Vu’ < inZ'(0),

and set
P(t)=Pn{t=1} fort>0.
In [2, Remark 2.1] it has been shown that

P(t) = {xeRN:li;ni;lfu(y, 1) >0} fort > 0.

With this definition of the positivity set we have:

Proposition 2.5 [2]. Let u be the viscosity solution of Problem 1 and let the open
set P C Q be defined by (2.2). Then ue C*''(PNQ)NC(P) and u satisfies
(1.1) in PN Q.

In [2] a detailed description of P was given. In particular:
(2.3) P()=P(0) forallz>0
and
(2.4) P(t))c P(t,) if0<t <t,.
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The set P is not always completely determined by (2.3), for example, when
u, has an isolated zero. To illustrate this we assume that u, satisfies, in addi-
tion to (H1), the following hypothesis.

(H2)  u,(0)=0 and u,>0 inR"\{0}.
Then it is not clear what happens at x = 0. Defining ¢* > 0 by
(2.5) " =sup{t>0:0 ¢ P(1)},
it follows from (2.4) that
0¢P(t) for0O<t<t",

and

0eP(t) fort>t".

We call ¢* the waiting time at x = 0. It turns out that ¢~ depends heavily on
7, N, and the local behavior of u near x = 0. In particular, ¢t can be zero,
nonzero and finite, and infinite. For precise results we refer to [2].

3. EXAMPLES OF DISCONTINUOUS VISCOSITY SOLUTIONS
IFO<y<1, N>2

In this section we shall show that for some class of initial data the viscosity
solution is not continuous if N > 2 and 0 < y < 1. To be precise, we shall
prove the following theorem.

Theorem 3.1. If 0 < y < 1 and N > 2, then there exists a family of initial
data satisfying hypotheses (H1) and (H2) such that the corresponding viscosity
solutions of Problem 1 cannot be redefined on a set of measure zero as continuous
functions in Q.

In the proof of the theorem we shall give a clear picture of the discontinuity
of u. In particular, we construct a class of initial functions such that there
exists a time interval of positive measure in which

u(0,?) >0 and limi(r)lfu(x, H=0.
X—

The construction is based on some properties of the Green’s function for the
Laplacian and on a result concerning the waiting time ¢* at x = 0 in [2]. To
complete the proof we shall show that in the same time interval
limsupu(x, t) =u(0, t) > liminfu(x, ¢).
x—0 x—0

Since u is continuous for x # 0 (cf. Proposition 2.5), this implies that u
cannot be redefined as a continuous function in Q.

First we introduce some notation. Let u, satisfy assumptions (H1) and (H2)
and define for x #0
(3.1) 7 ={

Uy’ (X) ifo<y<l1,
[loguy(x)| if y=0.
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Let p > 0 be fixed, let B,(y)={x¢€ R": |x —y| < p}, and define for y € RY

(3:2) I(y) = G(lx —yDSf(x)dx,

B,(y)
where G is the Green’s function for the Laplacian in B p(O) defined by

2-N  2-N .
(3.3) G(r)={r —pn TN 23,

log(p/r) if N=2,
for r >0.

We are interested in initial functions which satisfy one of the two following
conditions.
(H3) Let I(y) be defined by (3.2). Then

I(y) <o forall y e RY

and

limsup I(y) = oo.
y—0

(H4) Let I(y) be defined by (3.2). Then I is uniformly bounded in R" and
discontinuous at y = 0.

The following result implies immediately that there do exist initial functions
Uy, and uy, which satisfy, in addition to (H1) and (H2), hypotheses (H3) and
(H4), respectively.

Lemma 3.2. Let N >2 and 0<y < 1. Define
7 = {f: RY\{0} ~ R", / € CRV\{0}). lim /(x) = oo,
xX—

and > % in RN\{O} for some & > 0} .

Let I(y) be defined by (3.2). Then the two following sets are nonempty:
F ={f €F : f satisfies H3},
F ={f €F : f satisfies H4} .
Since we are not aware of a proof of this result in the literature, we shall give
the proof in §4.

Let u, satisfy (H1) and (H2). Let the waiting time t* at x =0 be defined
by (2.5). Then, by [2, Theorem 3.2(iii)],

(3.4) " =00 if u, satisfies (H3),
and
(3.5) f<oo if u, satisfies (H4).

Here we recall that
liminfu(y, 1) =0 ifr< .
y-—’

On the other hand, we can prove the following result.



DISCONTINUOUS “VISCOSITY” SOLUTIONS 785

Lemma 3.3. Let N > 2 and 0 <y <1 and let u, satisfy (H1) and (H2). If
I(0) < oo, then there exists 0 < t, < oo such that

0 d0<t<t,
00135 150"
The proof is quite similar to the one of Theorem 2.2(iii) in [2], and we omit
it here.
Now we arrive at our main result, which says that initial functions which
satisfy (H3) or (H4) yield the discontinuous viscosity solutions of which we
claimed the existence in Theorem 5.1.

Proposition 3.4. Let 0 <y <1 and N > 2 and let u, satisfy the hypotheses
(H1), (H2), and either (H3) or (H4). Let t,> 0 be defined by Lemma 3.3 and
let t* be the waiting time at x = 0, satisfying (3.4), respectively (3.5). Then
ty < t* and the viscosity solution u of Problem 1 satisfies

(3.6) ue C(O\{{0} x[t,, 1},

and, for all ty<t<1t",

(3.7 limsupu(x,t) >0 and lim i(1)1fu(x, t)=0.
x—0 X

In particular, u cannot be made continuous in Q by redefining it on a set of
measure zero.

Proof. First we prove (3.6). Since uy(x) > 0 if x # 0, u is positive and
continuous in a point (x, ¢) if x # 0. By Lemma 3.3 and Proposition 2.2(iii),
u is also continuous in the points (0, ¢) if 1 <¢,. If " <oo and ¢t > ", then
0 € P(¢). Hence, by Proposition 2.5, u is continuous at (0, ¢) if ¢ > ¢*, and
(3.6) follows.

Next we show that 7, < L If u, satisfies (H3) this is obvious, since ¢, < co
and " =o0.

So let u, satisfy (H4). Clearly, ¢, < t* < oo. Thus, arguing by contradiction,
we may suppose that 7, =1".

Let 0 < y < 1. Following the proof of Theorem 3.2(iii) in [2], it follows that
for certain positive constants a and b and for all y € RY and 1>
(3.8)

t t
/ u' 7y, 1)dr = a/ / u' 7 dxdt
0 3B

b“ / G(lx — y)u™ (x. t)dx — ”“y‘”uy).

By hypothesis (H4), I(y) is dlscontmuous at y = 0. The first and second terms
on the right-hand side of (3.8) are continuous at y = 0. Concerning the second
term, this follows from the fact that, since ¢ > ", u~’ is bounded near (0, ?).
Hence

/ u' (v, 1)dt is discontinuous at y = 0, for ¢ > t".
0
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On the other hand, since t, =", it follows from (3.6) that

t
/ u' ’(y, 1)dt is continuous at y =0, forall >0,
0

and we have found a contradiction.
If y =0, the proof is similar: we replace the last two terms in (3.8) by

-b G(lx —y)logu(x, t)dx + bl(y)
B,(y)
and proceed as before.
Finally, we prove (3.7). By the definition of ¢
limi(r)lfu(x, t)=0 forallt< t,
x—b
so it remains to prove that

limsupu(x, ) >0 forallz>1¢,.
x—0

This is a consequence of Lemma 3.3 and the following result.
Lemma 3.5. Let u, satisfy assumptions (H1) and (H2). Then
limsupu(x, t)=u(0,t) forallt>0.

x—0

Proof. By Lemma 2.3

u(0, t) > limsupu(x,t) fort>0.

x—0

We argue by contradiction. Let d > 0 be arbitrary and fix ¢ > J . Suppose that

limsupu(x,t)=c<u(0,1).
x—0

Then by definition and since u is continuous for x # 0, for any fixed ¢ > 0
such that ¢ + 2e < u(0, t), there exists a p > 0 such that

u(x,t)<c+e forxe B, (0)\{0}.

Since u(x,t) >0 for x € OB p(O) , the nonincreasing approximating sequence
u, converges uniformly to # on 9B,(0) x {t}. Therefore we have for u suffi-
ciently large

u,(x, 1) <c+2 forxedB,(0).

On the other hand, we know from Proposition 2.2(i) that
A, +(1/28)x") >0 forz>4>0.

Therefore, by the maximum principle, u, cannot have interior maxima in
B p(O) , L.e.,
u,(0,1)<c+2e<u0,1).

Hence we get a contradiction, since u,(0, ¢) \, u(0, ) as n — oo.
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4. PROOF OF LEMMA 3.2

Throughout this section we shall use the same notation as in §2.

We shall construct the functions f by modifying the radially symmetric
function 1+ |x|”* (0 < a < 2) on neighborhoods of a suitable sequence of
points x, — 0.

Let {x,} be a sequence such that

(4.1) x,—0asn— oo, xneBl/Z(O)\{O}, X, #x, ifn#m.

We choose a sequence {p,} such that

(42) 0<p,—0asn— oo, B,NB, =@ ifn#mand 0 ¢ B, forall n,
where we have written B, = B ). (x,).

Let v be a function on RY such that:

v 1is radially symmetric, smooth, nonnegative, decreasing with

(4.3) respect to r = |x|, suppv C B,(0), and [pvv(x)dx=1.

For any j € N define

(4.4) v (x) = N o(i(x - x,)).
From (4.3) we then have for any j, n:
(4.5) /RN'vj(x)dx= I,

Observe that, for n fixed, v;’ approximates J(x — x,) as j — +oo.
By the definition (4.3) of v(x), for any fixed n there exists a j_ such that

suppv; C B, ,(x,)C B, forany ;> i

For any n let j, > j~ be chosen later.
Firstlet N > 3. Forany x € RN\{O} we define:

(4.6) fx) = 1+x™"+ 30, (0)lx = x|
n=1

with 0< f<N-2,0<a<?2.

Claim4.1. Let N >3 and f be defined in (4.6). Then we can choose j, such
that:

(i) if 0<B<N-2then feF;
(i) if =N -2 then f€.5.

If N =2 we define for any x € Rz\{O}:
T+ X7+ 302, 'vj"" (x)(—log|x — x,[)~

g
for x # x,,

@47  Sflx)= {

1+ |x|™® forx =x,,
with 0<o<1,0<a<?2.
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Claim 4.2. Let N =2 and let f be defined by (4.7). Then we can choose j,
such that:

(i) if 0<o <1 then feF;

(i) if =1 then fe 4.

Clearly, the proof of these claims completes the proof of Lemma 3.2. Here
we shall give only the proof of Claim 4.1 since the one of Claim 4.2 is quite
similar.

Proof of Claim 4.1. Since the supports of v are mutually disjoint, it is easy
to see that f € % . We consider the functlon I(y), defined by (3.2).

Clearly, it is enough to study I(y) for y € B(0). Without loss of generality

we may assume that p > 1. Therefore it is sufficient to study the function

(4.8) g(y) = / G(lx — )/ (x) dx
B,(0)
where
_ =N EN>
(4.9) Gr) = { v N3,
—logr ifN=2,
for r>0.

|—a

We first state a result about the first part 1 + |x
Lemma 4.3. Let

(4.10) w(y) = /B o G(lx =y + |x| “)dx forye RY.

of the function f.

If0<a<?2,then we CRY).

The proof is straightforward and we leave it to the reader.
We continue the proof of Claim 4.1. First we have to check that g(y) < oo
forany y e RV . Let

(4.11) A,(y) = / G(lx — yl)vl'.:(x)|x — xn|ﬂ dx.

Recalling that the supports of v are mutually disjoint, we derive, using the
monotone convergence theorem, that

_ 0o k P
i)+ | 10 T I I, @l =5 dx

L
_ — _ . k B
—w(y)+/Bl(0)G(|x yl) lim (Zv,k ()l — xk|>dx

(4.12) k=t

L=+

L
= ) + hm/ G(|x - yl)z x)|x - xkl
k=1

y)+ZAn (y) <oo foryeR"

n=1
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provided
Y A4,(0) <o forye RY.

n=1

Lemma 4.4. We can choose j, such that

oo
EAn(y) <oo foranyye RY.
n=1

Proof. Firstlet y ¢ Uy, B, . Forany n

sup |x—y M <C,.
yé&B

n
xesuppva

By (4.3)
A,(y) < C"/B v;'”(x)lx —xn|ﬂ dx < an;ﬂ fory ¢ B,.
Hence for any given positive ¢, we can choose j, so large that

A,(y)<e, fory ¢ B,.

Choose a sequence {¢,}, ¢, >0, &, =0 as n — oo such that

o0
1
EE:Bn < 2
n=1
Then

(4.13) iA,,(y) <4 fory ¢ GB,,.
n=1

n=1
Now consider the case y € U:in B, . Since the B, are mutually disjoint,
every fixed y belongs to at most one of the balls, say B, . Then for any L > k

L L
dA4,0) = A4,0)+4,0).
n=1 n=1
n#k
Since, for any fixed k, 4,(y) < oo for y € RN , we have, as before, that we
can choose j, so that
oo
(4.14) > A4, <i+4,() <00 foryeB,.
n=1
This completes the proof of Lemma 4.4.

Next consider:

2—-N+B n
An(xn)=/8 Ix —x,]| vj"(x)dx

(4.15)
= j:—z_ﬂ/ |z|2_N+ﬂv(z) dz.
B,(0)
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Let 0< B < N —2. Then, by (4.12) and (4.15),

[o.¢]
g(x,) =w(x,) + > Ax,) > A4,(x,) > +oo asn— +oo,
k=1

and hence part (i) of Claim 4.1 follows.

If B = N-2 itiseasy to show, by the definition of 4, (y) and by (4.3), that
there exists a positive constant C , independent of », such that

(4.16) A,(»))<C foranyyeR", neN.
Moreover, by (4.15)
A (x)=1 foranyneN.

n n
Therefore, by (4.12), (4.13), (4.14), and (4.16), g(y) is uniformly bounded in
R" and

(4.17) g(x,) >w(x,)+1 foranyneN.

We argue by contradiction and suppose that g is continuous in R". By
Lemma 4.3, w is continuous, and hence (4.17) implies that

8(0) 2 w(0)+ 1.
On the other hand, since 0 ¢ U;’: , B, , we obtain from (4.13) that

£(0) = w(0)+ 3 4,(0) < w(0) + !

n=1

and we have a contradiction. So also part (ii) of Claim 4.1 has been proved.

5. THE CASE 1 <y < N/2, N > 3: A COUNTEREXAMPLE OF EQUICONTINUITY

If 1 <y < N/2 and N > 3, it is an open Problem whether there exist
discontinuous viscosity solutions of Problem I. Instead, we prove the following
result.

Theorem S.1. Let N > 3 and 1 <y < N/2. Then there exists a sequence
{#;};1 5. C C2’1(Bl x R") such that ; satisfies equation (1.1) in B, x R*,
0<ﬂj§2 in B, x?,

but the functions o j are not equicontinuous in B, X R'.

Here B, denotes the ball B,(0).

Remarks. (i) For simplicity, we do not construct solutions u ; on all of RV xR*
but only on B, x R".
(ii) Observe that strictly positive solutions of Problem I are viscosity solu-

tions. In that sense the construction of a sequence of strictly positive solutions
u; is the strongest possible counterexample to local equicontinuity.



DISCONTINUOUS “VISCOSITY” SOLUTIONS 791

Proof of Theorem 5.1. Firstlet 1 <y < N/2.
We consider the Dirichlet problem

u, = uAu—y|Vu|* in&g, =B xR",
(1) u=1 in 0B, xR,
u(x, 0) = uy(x) = |x|* forx € B,
for some a > 2 to be chosen later.
Again, Problem II has a uniquely determined viscosity solution u(x, t),

which can be approximated from above by classical solutions %, of the prob-

lem. 2 .
u, = uAu — y|Vu| ing,

(IL,) u=1+(1/n) in 8B, xR",
u(x, 0) = uy,(x)=|x|*+(1/n) forx € B,.
Lemma 5.2. Let u be the viscosity solution of Problem II. Then u €
' ({B\{0} x [0, 00)) and u(0, t) =lim__ u(x,t) for t>0.
Proof. By (2.4) and Proposition 2.5,

u > 0 and u is smooth in {B \{0}} x [0, c0).

x—0

By standard arguments

u,(x,t)=u,(r,t)), r=lx|,
and
(5.2) ou,/or>0 if0<r<1, t>0.

Since u, \, u pointwise as n — oo, this, together with Lemma 2.3, implies
that u(0, 7) =lim,_  u(x,1).

We now arrive at the heart of the proof of Theorem 5.1. The following result
shows that it is possible to choose « in such a way that u is not uniformly
continuous in &, . Later we shall use this to construct the desired sequence.

Proposition 5.3. Let 1 <y < N/2 and N > 3. Let u be the viscosity solution
of Problem 11. If

(5.3) 2<a<(N=2)/(y-1),
then

(1) u(0,t)=0 for t >0,
(i) u(x, t) is nondecreasing with respect to t, and

(5.4) u(-,t) /1 uniformly on compact subsets of B/\{0} as t — cc.
Proof. (i) Let the waiting time ¢* at x = 0 be defined by (2.5). Since a > 2

it follows from [2, Figure 2] that t* = co. By Lemma 5.2 this implies that
u(0,¢)=0 for t >0.
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(ii) To prove that u is nondecreasing in ¢, it is sufficient to show that u,, > 0
in &, . This follows from standard monotonicity methods provided we show
that u,, is a subsolution of the associated steady-state problem, i.e., that

Uy, Aty — }'|Vu0n|2 = Uy Auy — y|Vu0|2 +(1/n)Auy >0 in B, .
To see this we compute

Aug=ala+N-2)x|"*>0 inB,

and

g Aty — 7 Vity = a{N =2~ (y = Da}|x[***>0 inB

where we used that a < (N —2)/(y - 1).
To prove (5.4) we have to show that for fixed 0 < p < 1

1

(5.5) u(-,t) /1 uniformly on B|\B, as t — oo.

Let o € (0, p) be chosen. Let v be the unique solution of the nondegenerate
problem
v, =VAV - Vo> in {B,\B,} xR",

=1 in 8B, x R",
(111) Y Lk
v=o¢" indB, xR,

v(x, 0) = |x|* in B)\B, .

Since u is nondecreasing in ¢, u > u, = g“ on 0B, x R", and thus, by the
classical comparison principle,

(5.6) v<u<l inB\B, x[0, 00).

We are interested in the steady-state solutions of Problem III. Since ¢” <
v<1in {B\B,} xR" and v satisfies

(), = % div(v' ™),

we arrive at the steady-state problem
Aw'™) =0 in B\B,,
(IV) w=1 ondB,, w=0¢"ondB,,
0<o”"<w<1 inB\B,.

Clearly, Problem IV has a unique solution w, € C2(B\Ba) and, by standard
arguments,

(5.7) v(-, t) = w, uniformly on B\B, ast — co.

In view of (5.6) and (5.7), the proof of (5.5) (and hence of Proposition 5.3)
is completed by the following lemma.
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Lemma 54. Let o < (N-2)/(y—1),let 0<a <1, and let w, be the unique

solution of Problem IV. Then w, /' 1 uniformly on compact subsets of E\{O}
as o\ 0.

Proof. An explicit calculation shows that
STV = 1+ 8@ x TP - 1)
where N2
8(0)= (67" = 1)/(e™ P 1),

The proof is completed by the observation that d(g) \,0 as a \, 0.
We continue the proof of Theorem 5.1. Let p, \, 0 as i — co. By (5.4) we
can choose T; > 0 such that

(5.8) lu(x,t)y—-11<1/i forxeB]\Bpi, t>T,.
Next we choose n; such that
(5.9) u, (0, T,+1)<u0, T+ 1)+ 1/i=1/i,
where we have used Proposition 5.3(i).
We define _
(x,t)=u, (x,t+1T,), xeB, t>0.

Since u,, > 0 it follows from (5.9) that
0,1 < un‘_(O, I'+1)<1/i if0<t<1
and hence
(5.10) #;0,t) -0 asi— oo, uniformlyin¢e€ [0, 1].
On the other hand, it follows from (5.8) that
aix,)-12ux,T,+1)-1>-1/i forxeBl\Bi, t>0.
In addition, u, <1+ 1/n in &, and hence
a(x,t)-1<1/n; ing,

and so #; — 1 uniformly on compact sets of {B \{0}} x [0, co). Combining
this with (5.10), it follows that the functions i, are not equicontinuous on
B, x [0, 1], and we have proved Theorem 5.1 in the case that 1 <y < 1N

If y = 1 the proof is almost identical. Only condmon (5.3) has to be changed
to @ > 2/y, and in Problem IV the role of w'™" is now played by —logw .

6. EXISTENCE AND CONTINUITY AT ¢ =0

In this section we prove the existence and the continuity at ¢t = 0 of the
viscosity solution of Problem I; i.e., we prove Propositions 2.1 and 2.2(ii).

The continuity at ¢ = 0 follows immediately from the following lemma. It
can be considered as a local equicontinuity result at 1 = 0 and is, for later use,
slightly more general than we need right now.
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Lemma 6.1. Let u, satisfy (H1) and let {ug)}, n=1,2,..., and {uf)}, n=
1,2,..., betwo sequences of continuous viscosity solutions of Problem 1 such
that for any n

6.1) 0<unll<u(2)<M inQ,
) 1)
OSun _u,l SM inQ,
and such that for i =1, 2
u(')(x 0) — uy(x) in LIOC(RN) asn— oo.

Let Q c RY be compact. Then for any ¢ > 0 there exist 6,, n,, t, > 0 such
that for any x, € Q, n>n,,and i=1,2

(6.2) W (x, 1) — uy(x,)] < & for x € B, (%) and 0<1<1,.

Proof. By the uniform continuity of u, on bounded subsets of R" there exists
forall ¢ >0 a J, > 0 such that for all x, € Q

|ug(x) — uy(x,)| < 3¢ forx e Bys (x) -

Since u(,,i)(- , 0) = u, uniformly on bounded sets as n — oo, there exists an 7,
such that for x, € Q and i=1, 2

(6.3) ) (x, 0) — up(xp)| < 3¢ for x € By, (x,) and n 2 n,.
By the continuity of uflz) there exists a ¢, > 0 such that for x, € Q

1o (X, 1) < ug(x,) +& for x € B, (x,)and 0<1<1,.
By (6.1) and the comparison principle
(6.4) uif)(x, 1) <uy(xy) +¢& forxeB(, (xo), 0<t<t, n>2n,, i=1,2.

£ 9

It remains to prove a lower bound for u . Let ¢ >0 and x, € Q. Without
loss of generality we may assume that uo(xo) > ¢. Then, by (6.3),
(6.5) (')(x 0) > uy(xy) — 3¢ > 3& if x € Bys(x,), n>n,.
We shall compare uﬁl” with an explicit continuous solution. By [2, Propo-
sition 2.4] there exists for all y > 0 and p > 0 a nonincreasing function
g, € C(R") such that

{ >0 if0<r<p,
g,\r .
=0 ifr>p,

and such that for any 7 > 0 the function

(66) Ulx, )= —=8,(1x)
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is a continuous solution of Problem I. We set p = J, and choose 7, > 0 so
that
gét(o)/Te = uo(xo) - %8 .

Then, by (6.5), (6.6), and the comparison principle, for any y € B; (x,) and
n> n,

8 (Ix—yl) for(x,)eQ

(1)
u '(x,t)>
”( )_t+re

and hence, choosing ¢, > 0 so small that
gﬂc(o)/(tg +1,) > uy(x,) — €,
we find that for all x, and n > n,

(2) (1
u, (x,t)2u, (

X, 0)>uyxy) —¢ ifxe€Bs(xy), 0<t<t,.
Combining this with (6.4), the proof is complete.

Finally, we prove the existence of the viscosity solution u(x, ¢) of Problem
I, following the procedure which we described in §2.

So let {u,},_, 2. C c! (Q) be a nonincreasing sequence of bounded pos-
itive solutions of Problem I and let

u,(x, )\ u(x, t) pointwise in Q as n — oo.
In view of the definition of a solution, it is enough to prove that
2 1 N
ue Lloc([o’ w); I{IOC(R ))

and

(6.7) // IV, — \Vul|dxdt — 0 asn — oo
K

for any set K =Q x (0, T) with Q C R" bounded.
The proof of (6.7) is a modification of the proof of a similar result in [5].
The basic estimate is given in the following lemma.

Lemma 6.2. For any bounded cylinder K = Q x (0, T) and 0 < a < 1 there
exists a constant CK,a such that forall n=1,2, ...

(6.8) //K P < Cy

In addition, there exist for all ¢ > 0 constants n,,t, > 0 such that for any
n>n
— ¢

'c
(6.9) / /|Vun|2<s.
0 Q

Corollary 6.3. For any bounded cylinder K = Q x (0, T)

Vu, — Vu weakly in LZ(K) asn— oo.
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The proof of (6.8) is a straightforward generalization of Lemma 1 in [5].
From the same proof, using the continuity at ¢ = 0 given in Lemma 6.1, we
obtain (6.9). We leave the details to the reader.

In view of Lemma 6.2, our final aim, to prove (6.7) means nothing else than
proving that Vu, — Vu strongly in Lﬁ)c(@) as n — oo. The next lemma is a
first result about strong convergence.

Lemma 6.4. For any ¢ >0 let P, C Q be defined by
P={(x,0)eQ:u(x,t)>c}.
Then for any ¢ >0
Vu,—Vu in L

oc(P.) asn— oo.

Lemma 6.4 is an immediate coasequence of the monotonicity of u, (which
implies that u, > ¢ in P, for all n) and the following lemma.

Lemma 6.5.
V(i) —V(u’) in Ll (Q)asn— .

Proof. The proof is similar to that of Theorem 1 in [5] provided we show that

(6.10) u, is uniformly bounded in L. (Q).

t

We multiply (1.1) by

u,(x,1t)
u,(x,1)

w(x, 1) = ¢ (x)pa (1)

where ¢, € CS’" (RN ) and ¢, € C(‘)>o (R) are nonnegative functions such that
d,(t)=0 ifte(0,1)

for some 7 > 0. A straightforward calculation, which uses the estimate u,, >
—u,/t given by Proposition 2.2(i), yields that

1 uf,, 2,2
2/ /Q e
< %//Q Vu, 6165 + //Q Vi, {20,196, 1°05 + 61626}

Since the right-hand side is bounded, (6.10) follows.

Proof of Proposition 2.1. We have to prove (6.7). Let ¢ > 0. By (6.9) there
exist 1, €(0, T) and n, >0 such that forall n>n,

T T
2 2 2 2 €
/ /IIVu,,I = V| l</ /IIVu,,I = IVul'l+ 3.
0 Q , JQ

Let x‘s and xﬁ be the characteristic functions of the sets {(x, ¢) € Q: u(x, 1)
<6} and {(x,t) € Q:u,(x,t) <d}, respectively, and fix a € (0, 1). Then,
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by (6.8),

T
2 2
/Q 1V, = [Vul’|
(6.11) ‘ .
a o o
<2, 8 +/ /Q||Vun|2<1-x,,>—|w|2<1—x ).
!

We choose § > 0 so small that 2C,, d° < &/3. Finally, because of Lemma
6.4 and the monotonicity of the sequence u, , there exists an 7, > n, such that
the second term at the right-hand side of (6 11) is also smaller than ¢/3 for
n >n,. Hence

/K IVu,* - |Vul’| <e ifn>7,
and the proof is complete.

Remark 6.6. The results of this section carry over easily to the case of un-
bounded initial functions u, as long as it is possible to construct the sequence
{u,}, with u, \, u and u, uniformly bounded in LIOC(Q)

Remark 6.7. In the proof of Proposition 2.1 the monotonicity of the sequence
{u,} was used to apply Lemma 6.1 (i.e., with u(2 ) u,) and to estimate the last
term in (6.11). If instead {u,} is a sequence of classwal solutions of Problem
I which is not necessarily monotone, but such that

(6.12) u, — u uniformly on compact subsets of Q as n — oo,

then we can still prove that u is a solution of Problem I and u € C(Q),
provided that we can apply Lemma 6.1 (i.e., with u“) u,!). The only thing
to check is that the last term of (6.11) vanishes as n — oco. This follows from the
fact that, in view of (6. 12) and standard classical theory for uniformly parabolic

equations, u, — # in Cloc (Ps) as n — oo, where P; is defined in Lemma 6.4.
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